Understanding Pure Mathematics

Sadler and Thorning
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The claim is that if z = r(cos 8 + isin @),

[r(cos@ + i.sin8)]" = r"(cosné + isinnf), ™
is true forn € N.

Proof: Let P(n) be [r(cos@ + i.sin6)]"

1. Base case: Letn = 1. Therefore the left hand side of (*) becomes
[r(cos8 + i.sin@)]' = r(cosf +isinf),
and the right hand side of (*) becomes
r1(cos(1x 0) +isin(1 x 8)) =r(cosf +isinbh).
Since the left hand side equals the right hand side we have that P(1) is true.

2. Inductive assumption - Let n =k: Let P(R) be true for some positive

integer k where 1 < k < n. Then we have
P(k): [r(cos 8 + i.sin@)]* = r¥(cos kB + isink8) .

3. Letn =k + 1. We want to show that P(k) = P(k + 1). Hence multiplying
P(k) by r(cos 8 + i sin 8) we obtain, by using our inductive assumption,
rk(cos k@ + isink@).r(cos @ + isinH)

= r**1[(cos kB .cos 6 — sin kB .sin 6)
X i(coskf .sinf —sink@ .cos 6)] .
Using standard trig identities we end up with
rk(cos k@ + isink@).r(cos @ + isinh)

= r¥*1(cos(k + 1)8 + isin(k + 1)0) ,

which is P(k + 1), which is what we wanted to show.

Hence P(k) = P(k + 1), and since P(1) is true we have P(n) is true for alln € N.
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Let z = r(cos @ + i sin @). Given that

[r(cos @ + i.sinB)]™ = r"(cosnb + isinnh), ™)
is true for n € N, we want to show that it is also true for n € Z, i.e. when n is a negative
integer.
Proof:  The left hand side of (*) can be written as

1
"(cos @ +ising)™’

[r(cos@ +isin@)] ™ =r"™

where m is a positive integer. By (*) we have

1

- -m — ,.—m
[r(cos@ +isin@)] ™ =r ey gy

Multiplying the right hand side by the conjugate of the denominator we have

w 1 cosmf — i sinmé@
[r(cos@ +isin@)]™ =r—™

"cosmf + isinm8 cosmf — isinmb’
which ultimately simplfies to

cosmf — i sinm@
[r(cos@ +isin@)] ™ =r—™ osZml T2 r~™(cos(—m#@) + i sin(—m#)),

(since “cos? +sin? "= 1) which is what we wanted to prove. Hence
[r(cos @ + i.sin@)]" = r"(cosnb + isinnb)

is true forall n € Z.



